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ABSTRACT

Sequential decision-making under uncertainty is present in many
important problems. Two popular approaches for tackling such
problems are reinforcement learning and online search (e.g., Monte
Carlo tree search). While the former learns a policy by interacting
with the environment (typically done before execution), the latter
uses a generative model of the environment to sample promising
action trajectories at decision time. Decision-making is particularly
challenging in non-stationary environments, where the environ-
ment in which an agent operates can change over time. Both ap-
proaches have shortcomings in such settings—on the one hand,
policies learned before execution become stale when the environ-
ment changes and relearning takes both time and computational
effort. Online search, on the other hand, can return sub-optimal
actions when there are limitations on allowed runtime. In this
paper, we introduce Policy-Augmented Monte Carlo tree search (PA-
MCTS), which combines action-value estimates from an out-of-date
policy with an online search using an up-to-date model of the envi-
ronment. We prove theoretical results showing conditions under
which PA-MCTS selects the one-step optimal action and also bound
the error accrued while following PA-MCTS as a policy. We com-
pare and contrast our approach with AlphaZero, another hybrid
planning approach, and Deep Q Learning on several OpenAl Gym
environments. Through extensive experiments, we show that under
non-stationary settings with limited time constraints, PA-MCTS
outperforms these baselines.
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1 INTRODUCTION

Sequential decision-making is present in many important problem
domains, such as autonomous driving [3], emergency response [17],
and medical diagnosis [2]. An open challenge in such settings is non-
stationary environments, where the dynamics of the environment
can change over time. A decision agent must adapt to these changes
to avoid taking sub-optimal actions. Two well-known approaches
for sequential decision-making are reinforcement learning (RL) and
online planning [13]. In RL approaches, an agent learns a policy
7, i.e., a mapping from states to actions, through interacting with
the environment. The learning can also take place before execution
using environmental models. Once a policy is learned, it can be
invoked nearly instantaneously at decision time. Deep RL methods,
which use a neural network as a function approximator for the
policy, have achieved state-of-the-art performance in many applica-
tions [13, 22]. However, when faced with non-stationary environ-
ments, a policy can become stale and result in sub-optimal decisions.
Moreover, retraining the policy on the new environment takes time
and considerable computational effort, particularly in problems
with complex state-action spaces. While RL algorithms have been
designed to operate in non-stationary environments [6, 19], there
is a delay between when a change is detected and when the learn-
ing framework converges to the updated policy. Depending on the
problem setting, such delays might be very expensive.

An alternative approach is using algorithms such as Monte Carlo
tree search (MCTS) to perform online planning. These approaches
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perform their computation at decision time using high- delitymod- 2 BACKGROUND

els of the current environment to nd promising action trajectories. Motivating Environments: Consider the problem of proactively
These models can be updated as soon as environmental changesy|jocating ambulances in a city in anticipation of accidents, modeled
are detected, and such changes can be immediately incorporated g5 3n MDP 18. Now, consider that the city experiences unexpected
into decision-making (assuming that the generative model used congestion, changing the underlying MDP's transition function.
to build the search tree can be updated quickly). MCTS has been girst responders cannot wait to re-train a new policy, and a sub-
proven to converge to optimal actions given enough computation  gptimal policy can waste invaluable time to respond to emergency
time [14, but convergence can be slow for domains with large  sjtyations. Abstraction of such a problem can be modeled in simpler
state-action spaces. The slow convergence is a potential issue for settings such as toy environments in OpenAl Gydj.[For example,
problem settings with tight constraints on the time allowed for i, the cartpole environment, a rigid pole is attached to a cart via a
decision-making; e.g., in emergency response, when an incident hinge. The cart can move freely on a bounded, frictionless horizontal
occurs, any time used for decision-making increases the overall 3¢k and the agent (i.e., the controller) can apply a force to the cart
response time [20]. parallel to the track in either direction. The goal of the controller
As we point out, both RL and MCTS have weaknesses when s to palance the pole as long as possible. Non-stationarity can be
applied individually to complex decision-making problems in non-  jnqyced by varying the gravitational constant or the mass of the cart.
stationary environments. We argue that a hybrid decision-making Similarly, the Frozen Lake environment involves an agent trying
approach that integrates RL and online planning can combine their g cross a frozen lake from a start position to a goal position (pre-
strengths while mitigating their individual weaknesses in non- determined) without falling into any holes (we show a schematic
stationary environments. The intuition is that if the environment ¢ the environment in Fig. 1). However, the slippery nature of the
has not changed too much between when an optimal policy was = gyrface results in the agent not always moving in the intended
learned and when a decision needs to be made, the policy can still gjrection. Here, non-stationarity can be induced by changing the
provide useful information for decision-making. Similar hybrid  ~qe cient of friction on the surface, thereby changing how the
approaches have been explored and have achieved state-of-the-agent moves. In all settings, we explore how the agent can quickly
art performance in many domains. For example, AlphazZe2d [ adapt to the updated environment.
integrates a policy and value network within a modi ed MCTS, Monte Carlo Tree Search: Our approach is based on Monte
and has achieved state-of-the-art performance in games such as Go.cgylo Tree Search (MCTS), an anytime search algorithm that builds
However, to the best of our knowledge, such a hybrid approach has 3 search tree in an incremental and asymmetric manrigg] 14.
not been developed speci cally for non-stationary environments.  pcTS represents environment states by nodes, with the current
In this paper, we show how hybrid approaches can combine  state peing the root node. Actions that result in a transition from
oine learning and online search for decision-making in non- e state to another are represented as edges between nodes. The
stationary environments. We presenta novel hybrid decision-making  fyndamental idea of MCTS is to bias the search toward actions that

approach, calledPolicy-Augmented Monte Carlo tree sedRk- appear promising. To determine which actions are promising, MCTS
MCTS). Our approach is remarkably simple it combines a policy's  ses amode¥ cof the environment at the current decision epoch
action-value estimates with the returns generated by MGAighout to simulate arollout (commonly a randomly sampled possible future

changing either of the two approachies, the combination occurs  trajectory) to the end of the planning horizon. &ee policysuch
entirely outside the online search tree. Speci cally, we make the 5 the commonly used Upper Con dence bound for Trees (UCT)
following contributions: algorithm [14, then uses the averaged returns of these rollouts as
estimates c'Be 0 for the value of each actiof at each staté and
biases the exploration of future rollouts towards higher estimated
returns. MCTS is proven to converge to the optimal action given

(1) Conceptually, our core contribution is the idea that o ine
planning and online search can be combined for decision-

making in non-stationary environments. in nite time [ 14. However, the number of iterations required can
(2) We present two algorithms to operationalize the proposed  pecome impractical as the state-action space of the environment
idea. The rst approach, our core algorithmic contribution, grows.

is.a novel algorithm that com.bines a (relatively) s_tale policy AlphaZero: One of the most well-known approaches that com-
with MCTS after the search, i.e., completely outside the tree. pine the strengths of MCTS-based planning and deep learning is
We present several theoretical results for the proposed ap- a|phazero [24], which has shown state-of-the-art performance in
proach. Second, we show how existing hybrid approaches, games such as Chess and Go. AlphaZero consists of a neural net-
e.g., AlphaZero can also be used for decision-making in non- qrk to estimate the value of states and MCTS is used as a means
stationary environments. _ for policy improvement. While AlphaZero was not designed as a
(3) We validate our approach using four open-source environ-  famework for decision-making in non-stationary environments,
ments from OpenAl Gym and compare it with other state- \ye hynothesize that it is particularly suited to such environments.
of-the-art approaches. We show that PA-MCTS results in - \ye refer readers to the seminal work by Silver et §4] for a
two distinct advantages rst, given a speci ¢ computational  ¢omprehensive description of the AlphaZero framework. While we
budget, our framework converges to signi cantly better deci-  ghqyy experimental results against AlphaZero as a baseline, we reit-
sions than standard MCTS; and second, online search makes grte that showing that AlphaZero can be used as a decision-making

our approach signi cantly more robust to environmental 4 for non-stationary environments is one of our contributions.
changes than standard state-of-the-art approaches.



3 MARKOYV DECISION PROCESSES IN
NON-STATIONARY SETTINGS

Markov decision processes (MDP) provide a general framework
for sequential decision-making under uncertainty. An MDP can be
de ned by the tupleSeA « %Be« 0 AB+@°, whereS is a nite state
spaceA is a discrete action-space4t j B+ 0 is the probability

of reaching staté® when taking action0 in stateB andAlB+0is

the scalar reward when actiof is taken in stateB The goal of an
agent is to learn a policg that maps states to actions (or, more
generally, states to a distribution over actions) that can maximize a
speci ed utility function. Typically, the utility function is simply
the expected Fumulative reward, also called tfe¢urn, which is

de ned asEgy» ézOVV'AlEb cP°Y%whereWdenotes the discount
factor that weighs immediate rewards more than future rewards.
We are interested in settings where the environment with which
the agent interacts changes over time. Speci cally, we consider an
agent that istrainedon a speci c task given a particular setting,
but is executedn an environment where the underlying MDP's
transition function has been modi ed; e.g., consider the problem of
emergency response described in Section 2).

We point out that our interest lies in problem settings where
learninga new policy immediately is infeasible in practice. In com-
plex real-world tasks, learning a new policy takes time, and deci-
sions must be made as the policy is being updated based on the
new environmental conditions. We are interested in understand-
ing how agents can optimize decision-making during such delays,
i.e., between when a change is detected in the environment and
when the agent learns a new (near-optimal) policy. One way to
model such a problem is a non-stationary Markov decision pro-
cess (NSMDPYIH. An NSMDP, as de ned by Lecarpentier and
Rachelson [2019], can be viewed as a stationary MDP where the
state space is extended with a temporal dimension. Depending on
whether the task is episodic and whether the agent is allowed to
explore along the temporal axis, this enhancement can be trivial or
di cult [15].

The rate of change in the transition function is typically bounded
in an NSMDP by assuming Lipschitz continuit}§, which as-

by[ . We also point out that while our problem de nition is agnostic
to whether the change is continuous or discrete (we could de ne
an analogous setting for continuous-time MDPs), our algorithm
only tackles discrete changes for now.

Frozen Lake Scenario
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Figure 1: The Frozen Lake environment involves an agent trying
to cross a frozen lake from a start position to a goal position (pre-
determined) without falling into any holes

We demonstrate how Eq. (1) can be applied in practice using
the Frozen Lake environment described earlier. At each state, the
agent has four actions, i.e., the direction in which it chooses to
move. Consider that in the original environment at tintg the
lake is only marginally slippery such that the agent can always
go in the direction it intends. Let us consider an arbitrary state
B0 which denotes that the agent is in cells1° (refer to the
Fig. 1 on the left where each cell is marked with a number). In the
original environment, if the agent seeks to go right (takes action
Oright), then%*Baqo | Oright* Boge® = 1, i.e., the agent always
moves right if it intends to do so. Now, at tim€ consider that lake
becomes more slippery, and the agent may not always move in
the intended direction due to the slippery nature of the surface.
Let us assume that the agent moves in the intended direction with

sumes that the function changes smoothly over time. However, a probability of 1+3 and in each of its perpendicular directions
some situations can cause abrupt, large changes to the dynamics with the same probability (i.e., from cell (2,1), if the agent seeks
of the environment. We propose a new approach to bound the to go right, it can now end up in cells (3,1), (2,0), or (2,2) with
non-stationarity of an MDP by instead considering an upper bound  equal probability). In that case, by equation Eq. (1), we can quantify
on the total change in the transition function between training  the amount of chandeto bej %R 1o | Oright* B210°  %'Baqo j
and execution; we refer to such a setting &ransition-bounded Oright® B2:10° j +] %'Bage | Oright® B210° %' Be j Oright® B2:o® |
non-stationary Markov decision proce¢$@8SMDP). Considerthe  + j 941R 4,50 | Oright* B210°®  %'Biago j Oright® Ba1e® | + | %R |
transition probability function%E j B0, where the subscripE Oright® B210®  %'Biago | Oright® Bage® j = 1"33 A similar bound
denotes the time step under consideration. Now, consider that the can be computed for the Cartpole environment where the agent is
environment undergoesomechange between time stefisandC trained in a setting with a certain mass, but the mass of the cart
We assume that: changes in the updated environment.

Hypothesis: Having described an example of how the bounds in
a T-NSMDP can be computed, we now present our key hypothesis.
LetB 2 S and0Og 2 A denote the initial state and an action
(respectively) at time step 0. Consider;the action-value funciégn
represented a&C® 1B 0 = Eof' 1B 0°, é;lV@ 1B = cR’°g
which measures the value of a staBand an actiorD under policy

O
8B«Q

B2(
whereC2 T (i.e., some point in time after the original policy
was learned), anfl 2 R- is a scalar bound. In other words, the
total change in the transition function (cumulated over all states
B2 S and actionsD 2 A) between the updated environmental
conditions and the original environmental conditions is bounded

%B 0B %Ej0B [ 1)

lwe show this for one particular state as an example, the same bound applies across
all state-action pairs.



c. Our key hypothesis is that with small changes in the transition
function, the& function under an optimal policy does not change
much, i.e., good actions remain valuable, and bad actions do
not suddenly become promising. It is trivial to see that there are
exceptions to our hypothesis and its rather simpli ed explanation;
if the & function stayed the same as before, there would not be
any need for the agent to adapt to changes in the environment.
However, we show that the change & is bounded with respect to
the change ir%

Theorem 1. If 880 | w2 1%Bj0-B % j0-Bj [,and
8B«0jAB+0] ', and the discount factuvY 1, thenj&golB-O
&(C:ClB-ej n 8B« Qwheren = %2 (The proof is presented in the
appendix).

Theorem 1 considers two environments, one at tifiand the
other attimeG then, under the assumptions that Eq. (1) holds, the re-
wards are bounded, an¥Y 1, the di erence in the optimal Q values
(in the old and new environment) is also bounded. While this bound
is admittedly loose and can be large in many settings, it serves as
the basis for algorithmic decision-making in non-stationary set-
tings if the environment has not changed much. Speci cally, if the
optimal Q has not changed signi cantly, then we can leverage it to
inform decision-making even when the environment has changed.

Problem Statement: Our goal is to nd optimal actions (i.e.,
actions that maximize the temporally discounted sum of future re-
wards) at execution tim€assuming the following: (1) we are given

an optimal action-value functior&gO 1B+ 0 for time stepO, which
might have been learned under di erent environmental conditions
than those at execution tim€ (2) any such change in the transition

probabilities between wheﬁgo 1B+Owas learned and tim€are
bounded by| (Eq. (1)); (3) we are given a black-box simulator that
is updated to accurately model the environment at execution time
C(we relax this assumption in our experiments); and (4) there is
a limited computational budget at execution time that prevents
learning an optimal policy.

4 POLICY AUGMENTED MONTE CARO TREE
SEARCH

Recall that MCTS is proven to converge to the optimal action given
in nite time [ 14. The convergence also holds true for an environ-
ment that has changed this consideration is actually meaningless
for a purely online approach such as MCTS, assuming that the gen-
erative model that is used to build the tree has been updated based
on environmental changes. On the other hand, a trained policy
has exactly the opposite advantage (and disadvantage): while it
can be invoked in constant time during decision-making, it cannot
accommodate environmental changes without re-training, which
is computationally expensive. We raise the following questican

has changed. Rather than selecting an action based on the highest
expected return estimated by the online search, PA-MCTS instead
chooses the action that maximizes a convex combination of the
previously learned-values and the MCTS estimates

argmax UgP°1Be0 11 P CiBeO
02AB

)

where&g0 1B« 0is the optimaf &-function previously learned by
the decision agent. Note that this combination happens entirly-
side the tre@ The hyper-parametet), chosen such thad U 1,
controls the tradeo between the learnefi-values and the expected
returns generated through MCTS estimatesti= 1, PA-MCTS
reduces to the standard Q-learning action selection policy using

the previous& values:arg m%ZAB&golB-e. IfU=0,itreduces
to standard MCTS. We essentially seek to balance the dichotomy

between using low-variance but biased estimates thro&f}‘i (gen-
erated using an older environment) and potentially high-variance
but unbiased estimates throughc (generated using the current
environment). IfU 2 10:1°, then both estimates are considered.
Note that we refer to the action-value from th&-function as esti-
mates due to the change in the environment. We hypothesize that
when the error in&-values is bounded by (as described in The-

orem 1),&80 likely embeds useful information about the updated
environment. The PA-MCTS algorithm essentially uses Eq. (2) for
decision-making. We present the algorithm in the appendix.

4.1 Theoretical Analysis

We prove three properties of PA-MCTS: (1) the conditions under
which PA-MCTS will return the optimal one-step action, (2) the
conditions under which PA-MCTS will choose an action with a
higher estimated return than either MCTS or selection usig

values&go, and (3) a bound on the total deviation of the expected
return from an optimal (updated) policy when following PA-MCTS.
We begin by de ning some additional notation and detailing our
assumptions.

LetOc = argmaxy,,&°c'B+0 be the optimal action at an

arbitrary time stepC Let08 = arg Max; A gnfog &gciB- @denote

the second best action at an arbitrary time st€fwe assume that
there are no ties ik-values for any actions at a given state). Let
KGB = &C1Be@  &C1BeF; for a stateB kB denotes the

di erence in & values when taking action8- and02 at time Cand
following the optimal policyccthereaftel‘.‘ Finally, while MCTS

is guaranteed to converge to the optimal expected returns for a
given state and action given in nite time, actions must be taken
after a limited time in practice. LeX denote the bound on the
error of the values estimated by MCTS when it is stopped, i.e.,

j&CC1B+@ T iBeBj; X 8 C2T.

the advantages of online search procedures (e.g., MCTS) be combined
with those of policy |eaming (e_g., reinforcement Iearning) to tacklez'” principle, we do not require the optima& -function. As we show in the experiments,

discrete changes in the environment?

Our approach presents a natural solution to this questi®olicy-
Augmented Monte Carlo Tree SedRA-MCTS) addresses this chal-
lenge by integrating an online search wit-values learned on the
environment at an earlier decision epoch, even if the environment

an approximation also works well in practice.

3We also explored approaches to use the learned Q-values inside the tree, but the
proposed approach performed at least as well and simpli es (to some degree) the
theoretical analysis.

“Recall that the optimal policy is indexed with the time step as the environment might
change in our setting, i.eGc denotes the optimal policy given the environmental
conditions at time stejC



We rst present Theorem 2, which describes the conditions with
respect ta, X, andk B under which PA-MCTS returns the optimal
one-step action.

Theorem 2. 1fUn, 11 WX k—cﬁ, PA-MCTS is guaranteed

to select the optimal action at time st@jn stateB (The proof is
presented in the appendix).

Theorem 2 essentially shows that PA-MCTS is guaranteed to
choose the optimal action if the sum afweighted errors is low
enough that the decision agent can di erentiate between the best
and the next best action. Whilec!P is not observable at decision
time, we can nd the relationship betweekd B andk o!B:

Corollary 2.1. k&P ko'B, 2n

Using Corollary 2.1, we substitutecB in terms ofk B (which

can be computed at decision time using knoﬁaﬁo values) in
Theorem 2. Then, we can determine when PA-MCTS will select the
optimal action using information that can be computed at decision
time:

Corollary 2.2. 1fUn,t1 WX k—oﬁ , N, PA-MCTS is guar-

anteed to select the optimal action at decision eépoch
Usingd U 1, Corollary 2.2 can be rearranged to solve fdr

Corollary 2.3. PA-MCTS will choose the optimal one-step action
if

( :

X Ko'B® PR
X U W’l lfn|X
X 0 B \/
ax Y .l in¥X

Therefore, givem andX, a decision agent can determine what
values of the hyperparametéd (if any) would guarantee that PA-
MCTS chooses the optimal action at decision time.

Theorem 2 guarantees the conditions under which PA-MCTS will
choose the optimal action. We now seek to answer a more practical
guestion: when does PA-MCTS choose a one-step action with a

higher&(c:C value than MCTS or the learned policy in isolation?
First, we list conditions under which PA-MCTS chooses a better
action than pure MCTS:

Proposition 1. If PA-MCTS and MCTS choose di erent actions,
PA-MCTS's chosen action will have a hi@'ﬁé{value than MCTS
if n 75, wher€ Z5 = 1&,°1B€°, BE° 1&;°1B+Q°,
TCBeQ°, 6= argmay,s, U&°Be0, 11 P B8, and
O0< =argmaxya, " @B+ 0. (The proofis presented in the appendix).

SinceZ: is constructed from terms that can be computed at
decision time, Proposition 1 can be used by the decision agent to
determine if it should use PA-MCTS or MCTS when they choose
di erent actions at decision time. A similar statement can be made
regarding action selection usinggo.

Proposition 2. If the action chosen by PA-MCTS is di erent
than arg maxg &80 1B« 0 at stateB then PA-MCTS's chosen action
will have a higher&gC value than selection throu@go-values

Sthe superscripk in Zg represents the bounds with respect to MCTS and is not an
index.

if X Z2wheré 72 = 1801B6° | TCIBO® 18 01Beg°
TCBeg, 6 == argmay,a, U&!B+0, 1 P &B+0, and

0 := arg ma@ZAB&g“B-a (The proof is presented in the appen-
dix).

Using Propositions 1 and 2, we can determine the conditions
under which PA-MCTS chooses an action that is better than either
of its constituent policies. The above propositions consider only
one decision epoch. However, typically, training a new policy takes
time, which might consist of several decision epochs. Therefore,
we compute the total error in the expected return when following
PA-MCTS compared to an optimal (updated) policy.

Theorem 3. When PA-MCTS is used for sequential decision mak-
ing, the maximum di erence between the return from an optimal

policy and the return from following PA-MCTS is at &W
(The proof is presented in the appendix).

4.2 Experiment Setting

Environments: We use the following four open-source environ-
ments from OpenAl Gym [4] to validate our approach:

(1) Cart Pole: In this classic control problem, a pole is attached
by an un-actuated joint to a cart, which moves on a friction-
less track. A pendulum is placed upright on the cart. The
agent's goal is to balance the pole by applying forces either
to the left or the right direction on the cart. For the cart
pole environment, we set our original environment with
gravitational constant g a8'8m/s2 and the mass of the pole
as0"1kg. Both parameters are then varied to induce non-
stationarity in the state-action transition function.

(2) Frozen Lake: In the frozen lake problem, an agent must tra-
verse from a starting position to the goal position by avoiding
holes. The agent moves on a slippery surface (we describe
the setting in section 3). We introduce non-stationary by
making the surface more slippery; in our experiments, we
refer to a problem instance of the frozen lake environment
by the vector?1e %+ %3, where?1 denotes the probability
with which the agent moves in the intended direction, and
?2 and ?3 denote the probabilities of moving in directions
perpendicular to the intended direction. For the frozen lake
environment, we treat the original environment as one
with perfect agent movement, i.e., deterministic movement.

(3) Cli Walking :Inthe cli walking environment, an agent
must nd a path from the start position to the goal position
from start to goal while avoiding falling o a cli . While the
setting is similar to the frozen lake environment, here, the
agent incurs a penalty for each step that it takes, thereby
presenting the explicit dichotomy of choosing between an
optimal path (with respect to discounted rewards) and a safe
path. Similar to the frozen lake environment, the original
environment involves deterministic agent movement.

(4) Lunar Lander : This environment presents a rocket trajec-
tory optimization problem. The agent must control a rocket
and land safely on a known landing pad. While landing

6Again, the superscrip@only denotes bounds with respect to tié-values and is not
an index.



outside the pad is possible, the agent incurs a penalty. The
agent's action at each time step involves ring one of the
three engines (main, right, and left) at full throttle or not
doing anything. Here, the original environment does not in-
volve any wind. We induce wind to simulate non-stationarity;
the agent, therefore, must adjust its actions according to the
power of the wind.

Baseline approaches and implementation: We implement Alp-
haZero, a reinforcement learning (RL) agent using a Double Deep
Q-Network (DDQN) R§, and standard MCTS as our baseline ap-
proaches. We reiterate that we do not treat AlphaZero dsaseline
per se since our broader conceptual idea of using hybrid approaches
to combat non-stationarity subsumes it. Nonetheless, we compare
PA-MCTS with AlphaZero, and show that our proposed approach
outperforms AlphaZero. We implement MCTS and PA-MCTS using
UCT [14 as the tree policy. Our implementation is in Pytho27]

and available ahttps://github.com/scope-lab-vu/PAMCTS
Hardware: We run experiments on the Chameleon testbed][

on 4 Linux systems with 32-96 logical processors and 528 GB RAM.
We train AlphaZero using the Google Cloud Platform on a Linux
system with 128 logical processors and 528 GB RAM.
Hyper-Parameters: We implement the neural networks in Ten-
sorFlow [1]. For the RL agent, the Double DQN has 3 hidden layers
with ReLU activation, and the output layer has a linear activation.
We use a Boltzmann Q Policy and train the network with the Adam
Optimizer[17 with a learning rate of10 3 for 300,000 steps while
minimizing the mean absolute error of the network. For AlphaZero,
we use 5 hidden layers with ReLU activation and appropriate output
layers (e.g., softmax for the policy and dense layer for the value
function). For both PA-MCTS and AlphaZero, we set the discount
factor as 0.99, maximum tree depth as 500 (though this is rarely
reached), and the exploration paramete 50 (after tuning on
holdout data). A more detailed description of the hyper-parameters
is presented in the appendix.

4.3 Results

Comprehensive results for all environments and all settings we
use to induce non-stationarity are presented in Table 1. Below, we
dive deeper into the cart pole environment to analyze the results
in depth and evaluate the nuances of PA-MCTS. Similar analysis
for the other environments can be found in the appendix.

Stationary setting: We train both the AlphaZero network and
the DDQN with6 = 98m/s? and< = 1'0kg and evaluate all the
approaches in the same environmental settings. We present PA-
MCTS and DDQN results in Fig. 2 (di erent color lines represent
di erent Uused by PA-MCTS) and the comparison with AlphaZero
in Fig. 5 (the left-most sub-graph shows the stationary setting). We
observe that under stationary conditions, both AlphaZero and the
DDQN (which is a special case of PA-MCTS with= 1'0) outper-
form standard MCTS and PA-MCTS with?2 f0250"%0775g. This
result is expected, as o ine learning is able to leverage potentially
thousands of training episodes to learn an optimal policy. However,
we do note that PA-MCTS (fod Y U Y 1) is able to leverage the
information stored in the policy to converge signi cantly faster
than standard MCTS. We compute each result by averaging across
30 samples.

Non-stationary setting: To add non-stationarity to the cart pole
environment, we modifyé from 98m/s? to 2650 and 500m/s?
(we present results in Fig. 2; additional experiments which modify
the mass of the cart are shown in the appendix). We have several
important ndings. First, we observe as the change in the environ-
ment increases, the performance of the DDQN policy in isolation
(trained on the original environment) degrades as hypothesized in
fact, it achieves almost 0 utility foé 2 f5050Q). Second, we again
observe that PA-MCTS converges signi cantly faster than standard
MCTS for all values 06 (with appropriateU); it actually achieves
optimal performance except whe®i= 500m/s2. The reader might
wonder about how to choose the optimiland the performance of
AlphaZero, which we show below.

Choosing the optimal U: During execution, the agent must
choose actions relatively quickly. Therefore, even when updated
generative models of the system are available, it is unlikely that
the agent would be able to a ord the time to compute extensive
simulations across a range bfvalues to select the optimal one.
We provide an empirical approach to alleviate this concern. First,
we run simulations for various iteration counts of MCTS in a wide
array of environmental conditions. For each setting, we show the
optimalUin Fig. 3. For example, the top rows of the heatmap show
that when the environment has not changed much, it is better for
the agent to rely more on the trained policy (i.dJ,is typically
above 0.5). On the other hand, consider the bottom-right cell in the
heatmap, which shows that if the environment changes a lot, the
agent must rely more on the online search, as expected. We point
out another interesting nding it turns out that PA-MCTS, with
limited MCTS iterations, is able to approximate the optimal choice
of U fairly well, i.e., observe that the column with iterations=25
(or even with iterations=10) is almost similar to the column with
iterations=100. We use this nding to guide the selectionldfWe
hypothesize that the agent can use the updated generative models
to perform a hyper-parameter sweep bfwith a small number of
MCTS iterations; the sweep can be run in parallel for eatand in
our setting takes only 80 seconds (much smaller than re-training
the policy, as we show below). Then, for execution, the agent can
choose thdJ value that provides the highest expected discounted
return.

Comparison with AlphaZero: We use the proposed selec-
tion strategy to tuneU and compare our results with AlphaZero
(presented in Fig. 5). First, we observe that except for a drastic en-
vironmental change{ = 500m/s?), both AlphaZero and PA-MCTS
(with U-selection) converge to the optimal policy. However, we
see that PA-MCTS (witlJ-selection) converges signi cantly faster
than AlphaZero; indeed, wheé = 50m/s2, PA-MCTS takes about
a third of the number iterations that AlphaZero takes to converge.
In real-world settings, faster convergence is potentially invaluable.
Runtime Comparison: We also explore whether re-training the
policies by using the updated environmental model is computation-
ally cheaper than executing PA-MCTS. Table 2 shows the calculated
average PA-MCTS execution time for di erent iteration counts
(with U-selection), and the retraining time for the DDQN network
and the Alphazero network. For a fair comparison, we do not re-
train DDQN and AlphaZero from scratch and update the existing
networks, which is considerably faster than training from scratch,



Environment Setting DDQON MCTS AlphaZero PA-MCTS
g=938 2500.0 0.0 846.45643.228  2403.2635.946 2500.0 0.0
Cartpole g=20 2500.0 0.0 918.02246.554 2278.962.9 2500.0 0.0
(varying 6) g=50 22.0610.729 778.5184.90  1920.2678.547 2500.0 0.0
g =500 7.0830.126 111.5747.705  626.1780.091 954.656 90.150
m=0.1 2500.0 0.0 846.45643.228  2403.2635.946 2500.0 0.0
Cartpole m=1.0 500.0 0.0 892.95642.674  1340.0086.713 2500.0 0.0
(varying<) m=1.2 1249.66B0.587 802.9080.748 2093.411 65.519 1715.78368.101
m=13 475.3%7.96 904.0788.404 1346.433 86.238 904.07838.404
m=1.5 2.0 0.0 2.0 0.0 2.0 0.0 2.0 0.0
[1.000, 1.000,1.000] 1.0 0.0 1.0 00 1.0 0.0 1.0 0.0
[0.833,0.083, 0.083] 0.830 0.012 0.806 0.012 0.809.013 0.830 0.012
Frozen Lake [0.633, 0.183, 0.183] 0.52R.016 0.56 0.017 0.523.017 0.587 0.016
[0.433,0.283, 0.283] 0.26.014 0.764 0.013 0.239.014 0.796 0.013
[0.333,0.333, 0.333] 0.12.01 0.866 0.01 0.1140.011 0.936 0.009
0.0 0.88 0.00 0.869 0.001 0.874 0.00 0.88 0.00
Cli Walking 0.1 0.291 0.016 0.7 0.011 0.27 0.014 0.7 0.011
0.2 0.102 0.011  0.459 0.015 0.081 0.009 0.459 0.015
0.3 0.034 0.006 0.173 0.012 0.012 0.004 0.173 0.012
0.0 256.034 2.939 -76.8673.792  -286.32516.759 256.034 2.939
Lunar Lander 10.0 241.676 4.956  -79.7454.697  -250.50214.967 241.676 4.955
15.0 192.877 9.25 -94.9066.440  -255.37713.234 192.877 9.25
20.0 113.431 14.113 -119.1778.654 -253.27611.086 113.43 14.113

Table 1: Results for all four environments with varying levels of non-stationarity. For each environment, the degree of

top to bottom. We observe that PA-MCTS comprehensively outperforms the baseline approaches, including AlphaZero.

Figure 2: We show the cumulative reward obtained by PA-MCTS, standard MCTS ( U = 0), and DQN (U = 1) for di erent environmental changes.

Note that as the environment changes, DQN achieves close to 0 rewards. PA-MCTS outperforms both baseline approaches.

change increases from



Figure 3: We show the optimal U for varying MCTS iterations and
environmental conditions.

Figure 4: The performance of PA-MCTS and AlphaZero under vary-
ing levels of noise with 6 = 500m/s2. PA-MCTS outperforms Alp-
haZero in most settings.

given the updated environment. We show that it is signi cantly
faster to run PA-MCTS than re-training DDQN or AlphaZero.
Noisy settings: In practice, itis di cult to update the environmen-

tal model to re ect the exact changes in the non-stationary envi-
ronment. While the generative models can be updated online using

Method Iterations Execution Time (in seconds)
PA-MCTS 5 2.57
PA-MCTS 10 4.35
PA-MCTS 15 3.51
PA-MCTS 25 9.60
PA-MCTS 50 25.50
PA-MCTS 100 48.73
PA-MCTS 200 100.0
PA-MCTS 300 248.8

Re-Train DQN 200,000 steps 430.0
Re-Train AlphaZero NA 31,800

Table 2: We show the computation time for running PA-MCTS (with
U-selection and re-training DQN and AlphaZero (by updating the
existing networks instead of training from scratch for a fair com-
parison). Even under these settings, we show that PA-MCTS is sig-
ni cantly faster.

discuss how such polytopes can be constructed. lyerjdi@f intro-
duces the idea of robust MDPs using the concept of uncertain priors,
where the transition function can change within a set of functions
due to uncertainty. Later, Lecarpentier and Rachel$b®] intro-
duce Non-Stationary Markov Decision Processes (NSMDP), which
extend robust MDPs by allowing uncertainty in the reward model
in addition to the transition function and use a stronger Lipschitz
formulation for the set of possible transition and reward functions.
Choi et al [7] introduce hidden-mode MDPs, which consider a
formal model for representing changes in the environment, con-
ned with a set of modes. A broader notion of non-stationarity is
introduced by Lecarpentier and Rachelsdb], who consider that
both the reward function and the transition function can change
over time and that the rate of change is bounded through Lips-

updated sensor measurements, such measurements can be noisyghitz continuity. Our formulation is inspired by that of Lecarpentier

thereby resulting in a noisy model. To simulate such conditions,
we repeat the entire pipeline by adding noise in the updated envi-
ronmental model, e.g., the agent perceives that6yye N O f°,
(whereN denotes a Gaussian distribution) for di erent values of
f . Note that during execution, the agent must operate unégfe,
thereby making this situation particularly challenging. We show
extensive results for this setting in the appendix but present the key
results in Fig. 4. We see that even under noisy settings, PA-MCTS is
able to leverage the old policy and outperforms AlphaZero (it also
outperforms standard MCTS and DDQN by a large margin, which
we show in the appendix).

5 RELATED WORK

Sequential decision-making in non-stationary environments has
been studied from several perspectives. Satia and Laj1Jand
White Il and Eldeib{28] consider transition matrices constrained
within a pre-speci ed polytope. One of the earliest works in this
domain, by Satia and Lav@{l, constrains the state transition func-
tion among a set of prede ned distributions. White and Elde®d
consider imprecise transition probabilities by representing the tran-
sition function by a nite set of linear inequalities. In both formu-
lations, the transition matrix is constrained within a pre-speci ed
polytope. However, as pointed out by lyenggi0], they do not

and Rachelsofil5]. The key di erence in our formulation is the
representation of that change.

We also point out that decision-making by an agent that is trained
on one task (or environmental conditions) and subsequently pro-
vided with another task has also been explored in the domains
of transfer learning [Lg and lifelong reinforcement learningqy.
However, we speci cally look at settings where learning a new
policy is not feasible, or even when it is feasible, decisions must be
taken while the updated policy is being learned. Finally, we recog-
nize that approaches combining model-based online search with
learning methods have been explored for example, AlphaZero in-
tegrates MCTS with a policy iteration frameworkf], while the
Search with Amortized Value Estimates (SAVE) algorithm com-
bines model-free Q-learning with MCT®)][ To the best of our
knowledge, our work is the rst that develop such an approach for
non-stationary environments.

6 CONCLUSION

We explore sequential decision-making in non-stationary environ-
ments, where the decision-maker faces the dilemma of choosing
between accurate but obsolete state-action values from a learning-
based approach and unbiased but high-variance estimates from
an online search. We present a novel approaeblicy Augmented



Figure 5: We compare PA-MCTS with U-selection with AlphaZero. While both approaches nd the optimal policy, PA-MCTS converges
signi cantly faster.

MCTS(PA-MCTS), that combines the strengths of reinforcement
learning and online planning in non-stationary environments. We
present theoretical results characterizing the performance of MCTS,
demonstrating that there is a range of values that will work well in
practice. We also present bounds on the error accrued by following
PA-MCTS as a policy for sequential decision-making. Through ex-
tensive experiments on open-source environments, we show that
PA-MCTS outperforms the baselines in terms of performance and
convergence time.
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Appendices

A EXTENDED THEORETICAL ANALYSIS

This appendix contains detailed proofs for each of the theorems, propositions, and corollaries described in Section 4.2 of the main text.
Theorem 1. If 8B+0 ! g2 % j0-B %' j0+Bj [,8B+0jAB+0] ', andthediscountfactony 1, thenj&golB-B &CC1B O

n8Be¢Qwhere n = %2 .

Proof. Our goalisto nd an upper bound on the di erence between the action values before a change in the environment's transition
probabilities and after, i.e.:

8B+Q &%“Be0 &!B+0® n

where& compactly represents the action-value function in the original environment using an optimal policy §i.e=, &80) and&®

represents the action-value function in an updated environment at time €2€pT (i.e.&°:= &(C:C).

Let+='P be the value of stat8if we terminate the environment after steps (following the optimal policy until step). Similarly, let
&=1B+0be the&1B+0 if we terminate the environment after steps.

For==1,j+%B +-1Pj=0andj&21B+0 &=1B+0j= 0, since we can assume immediate rewards are the same.

Letr- 1= ma>13j+:° ‘B += 1'Pj(i.e.”= 1isthe upper bound in the di erence of the value).

For an arbitrary=, we can bound the action-value functiai as follows

o # o #
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We can also bound the value functian. First, assume that%® +-1B, then for an arbitrary=, we have
o +o1p =+0p 4R
= moax&ngoe moax&le-B

= max &21B+0 &-1B+0 &-1B+0 moax&le-B

- N_ _1Re _1Re
mdaanl W =1 , &'B-0 moax&_Be
= - N_ _1Re _1Re
Wnl W= 1o moax&_ B«0 mdalx&_ B+0O
Wn——-— "=
1w -1

Second, assume thaf'B® Y +-1B, then for an arbitrary=, we have
+0p 1P =+ +0P
= max&=1B+0 m@x&gls-e

= max&=1B+0 max &01B+0 &-1B+0, &=1B+0

_1Re N_ _1Be
moax&_Be moax Wn1 W =1, &'B-0

= _1Be [ A _1Re
moax&_ B B,Wn1 W= L mé';\x&_ Be0

Wn—- "=
1 W 1

h i
Thus,j+98® +-1B] Wnrv,. "= 1 inboth cases.
Therefore,

N Wnﬁ/\/> Noq
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= terms, plus®o=0

Hence,

Theorem 2. 1fUn, 1 WX i529 PA-MCTS is guaranteed to select the optimal action at tim€ step
Proof. PA-MCTS is guaranteed to select the optimal action when the following inequality holds:

UEO1BefP 11 P CBef U&OWBeg, 11 P CiBegP

@)



Recall thaiX denotes the bound on the error of the values estimated by MCTS when itis stoppecji&cbé.lB- ® @B-O; X 8C2T.
Using this de nition and Theorem l&(c;clB-ecan be bounded with respect to the estima&%‘J 1Be@and cB+@:

&°1B+B N &CIBe® & °1B+0, n

— _ (4)
GB*® X &C1Be@  (BeO, X

By substituting&gclB-Ofor &80 and cin Eq. (3) by using inequalities in Eq. (4) and rearranging, we can nd the conditions under
which PA-MCTS chooses the optimal action (recall that® = &C1Be@  &C1BeP):

UGB 11 P B UGB, 11 P CBegP
) URCIBefP o 11 WPRCIBP, X URECIBege 10, 11 LPIRCIBege X

) 2Un 11l WP &CIBege &CIBefP
) 2WUntl WX ke

) Un 11 WX -

Corollary 2.1. k¢ ko, 2n

Proof. Itis important to note that the optimal and second best actions with respe(&g@ and&:e may not be the same, i.e., itis possible
that 0y < O¢ and08 < 08 There exist the following cases depending on the relationship be ndO%

If 03 = 0% we rst upper bound&cC1Be«@°. We know that for any actiord 2 A

&CIBO & O1BegP, N

Therefore,

&CIBo@  &OIBe@, N (5)
We can then simply use the de nition ofi to lower bound&éclBogJ :

&CBF & 0B+f n 6)

Finally, by combining Eq. (5) and Eg. (6), we can upper bdund
&gclB.eo &g;clB’@J 1 &8018.80, e 1 &8015,@0 ne
) &CIBe@e &CIBF & O1Beg & OB, 2n

) kc ko, 2n
If 08 = Qg i.e., the second best action at time step 0 became the optimal action at tim&stegn this implies thal, < Oc. This
implies:
ke 2n

as it would otherwise be impossible for the optimal action at timestep 0 to become sub-optimal at timésSemrek g is positive by
de nition, this implies thatkc ko, 2n

If 03 8 fOcs g, then it follows from the de nition of 02that &°*B+§  &¢0B+f° and&C1Be@  &cC1B« .
Let us assume thatcC1B« P ¥ &gOlB-@‘) n. Then, by substituting&igo18-@0 n for &c°1B+ §° using Eq. (4), this implies that
&(C:ClB'@) Y &éclB-QO. This is a contradiction given the above inequalities. Therefore, through proof by contradiafiéﬁ}B-@O
&a°1B+@ n. Similar to theod = 02 case above, we can combine this with the upper bound in Eq. (5) to nd that
ke 2n
In each cas&c 2n.

Corollary 2.2. IfUn,t1 WX '529 . h, PA-MCTS is guaranteed to select the optimal action at decisiorCepoch



Proof. Using Corollary 2.1, we substitutezin terms ofkg in Theorem 2.

k
Un 11l WX EC
ko, 2n
) Un 11 W°X OT
ko

) Un 11 WX > n

Corollary 2.3. PA-MCTS will choose the optimal one-step action if

( X ko .

X U W,l Ifn|X
X 0 i \/
X U W’l ifnY X

Proof. Using0 U 1, Corollary 2.2 can be rearranged to solve fdir

ko

0 Unil UX —.n
) 0 Un UX X k—zo,n
k
) X Un UX 70’” X
( K :
) ﬁ U TOXOAJ_ IfniX
ﬁ U %Al ifnYy X

Proposition 1. If PA-MCTS and MCTS choose di erent actions, PA-MCTS's chosen action will have &éﬁigbhre than MCTS
it 7, wherd g = 18,01BE° | B 18&°1B+Q°, (B+Q%, 0 = argmay,a, U8CB+8, 11 P ¢B+d and
O< =argmayyp, C'BeO.

Proof. PA-MCTS's chosen actioBthas a highel&éC value than MCTS's chosen actida when
0 &CIBE &C1BQO @)

If PA-MCTS and MCTS choose di erent actions, then it must be thatB+Q° ~ ¢'B€°andU&;°1B+Q°, 11 P ¢B+Q° U BE°,
11 WP B&°. Then, we can boun&éC with respect to&gO andn:

&oOIBE & °1B+Q° 2 &CIBE &CIB+QO

Next, we rewrite this bound in terms o andn:

&oOIBE & °1B+Q° 2 &CIBE &CIB.QO

) &°1BE &°1B:Q° 2, CBeQ° CBQ° &CBE &1BeQO ®)
) &IBE° &°1B+Q° N, CBE CBeQ° &IBE &CC1BQ° ©)
)t &g01BE, T CBE® 1&°1BeQ°, CBQ® N &CTIBE &C!BQ° (10)

) & 21 &FIBE &C1BeQ°

where in Eq. (8) we add and subtracglB+Q ° to the left hand side, in Eq. (9) we usg!B+Q°  B€° to substitute :B&° for B+Q°,
and in Eqg. (10) we rearrange the left hand side.

Therefore, it follows from Eq. (7) that PA-MCTS chooses an action with higl'@% valuewhen0YZ 2nie.2n Z5.

"The superscripk in Z$ represents the bounds with respect to MCTS and is not an index.



Proposition 2. If the actionG-chosen by PA-MCTS is di erent thég = arg ma@ZAB&go 1B+0 at stateB then PA-MCTS's chosen
actionG-will have a higher&(c:C value than actior0g if 2X Zg‘bwher@ Zg) = 1&801860 . Beeo 1 &8018-60 . C!Beg®, 6 =
argmaxyoa U&g0 1Be@, 11 P B+O and0s = arg ma)ézAB&(C)O 1Be0.

Proof. PA-MCTS's chosen actidBrhas a highel&éC value than the action selected throu@ﬁo-valuesoe when

0 &CIBE &CIBegP (11)

If PA-MCTS and action selection throu@go-values choose di erent actions, then it must be th‘hgo 1Bege &80 1B&° andu&go 1Bege,
11 P dBeg° U&golBGD .11 P &B€°. Then, we can boun&cC with respectto candX:

TEBE® T dBe@® 2X &CIBEP &CIBeg°

Next, we can rewrite this bound in terms dgandx

OB CBe@® 2X &SIBE  &CIBegP

) TCBE BB 2X, & °1BeE° & ''BeE° &CIBE &CIBeg (12)
) TCBE& T CBeE® 2X, & °'BE° & °'Be@° &CIBE & CIBeE° (13)
)t & 01BE°,  CBE® 1&CBeE, CBeE° 2X &CBE &CIBeE° (14)

) 2 X &XBe &L1BEP

where in Eq. (12) we introduc&golB-@0 by adding zero to the left hand side, in Eq. (13) we &%@18-60 &80 1B &P to substitute
&80189" for &golBo g°, and in Eq. (14) we rearrange the left hand side.
Therefore, it follows from Eq. (11) that PA-MCTS chooses an action with hi@férvalue when0 Y % 2X i.e.,2X Zg

Theorem 3. When PA-MCTS is used for sequential decision making, the maximum di erence between the return from an optimal policy and
the return from following PA-MCTS is at mélslf—nl—%éﬁ.

Proof. The proof closely follows prior work by Wray [29]. LeA Sdenote the set of actions that can be taken by PA-MCTS in sBste
any decision epoch. Givem X, and0 2 A g, it must be that

UPCB+@, 11 P CBeB UGPIBe@, 11 P CBegP (15)
for 0 to be chosen by PA-MCTS. We can Substit&téclB-efor &80 and” cin Eq. (15) to get
UPC1B+@, 11 P (iBe@ U Beg 11 P iBegP
) U&C1BeO, nP 11 LPI&CIBeO, X URCIBe@® P 11 LPI&CIBe@P X
) 2WUn 11l WP &CIBe@P &C1BeO
) 2WUn il WX + OB &C1BeO

O
+E1B =" @Be¢B°, W  9iBjBe 0+ C1EY (16)
B2Ss
where' B 0is the reward for taking actiorD at Bat time stepG c 1B is policy c's distribution over actions givef Wis discount factor, and
%BjB+ 0is the probability of reaching stat® when taking0 at Bat time stepC From Eq. (16), the optimal value function can be expressed
as+SC1B = arg max & S1Be0.
Therefore

where

AJ=f02 Agj+:CiB &(C1B+O 21Un 11l PXg
Now, let+&™ 1B be: applications of Eq. (16) following PA-MCTS's polieyi.e..c-2 Owhere ©=fcjc:® 2 A$8B2 Sg Also let
&(C:C': 1BeP° be a one-step action deviation following; after which an optimal policyc is followed for the remaining  1literations.

8Again, the superscrip@only denotes bounds with respect to tié-values and is not an index.



Next, we show that for any statB2 S:
S
+§1B OB w2iun 11 WX a7
g=0

by induction on: iterations of Eq. (16).

Base CaseAt: = 0, by the de nition of ¢B 2 A3 we have:
+éC°O
) +(‘§°'OlBJ 'dBelB° 21Un 11 WX

1B gX%Beso  2Un 11 X

)+ +&0B 2wn 11 W
) +S0B +&%p 2un 11 W
Induction Step : Assume for.  1the induction hypothesis:

01
+& b 48 e T Waun 11 e
g=0
is true. We now show that Eq. (17) is true for
0
+$M 1B = dBeiB° W YgiB)jBeorC Lipd (18)
B2s
0 01
) +$1B gBed W 9piEBeon Ot g V921un, 11 WPxeo (19)
B2s g=0
0 01
) +$7TIB 1 GBedBO, W B jBeor Cc lipho V- 121un 11 WPxeo (20)
B2Ss g=0
. 01
) +&T B &S 1BeBe W-121un 11 Wexee (21)
g=0
. : 0
) +&TB &S 1BelBe  W2in 11 WRXO
g=1
where Eq. (18) is by Eq. (16), Eq. (19) is by the induction hypothesis, Eq. (20) is by rewriting and normalizing, and Eq. (21) is by the de nition

cen
of &~ .

By the de nition of A3, we havetc" 1B  &.C"1Bel®  2iUn 1 LPX. By rearranging this, applying t&cS" and grouping
21Un, 11 X inthe sum, we nd

. . @
+&TB +SCTIB 2WUn 11 e W2iun il L
g=1
Cc” &
=+5CM1B W2wn 11 WX
g=0

Thus, by induction on , we have shown that Eq. (17) is true for allFinally let: ' 1  and evaluate Eq. (17):

_ &
+Zp + 1R W2iun, 11 e 22
C C
g=0
_ a
+oC B W2iun 11 WX (23)
g=0
o 1 1
Wy 2UniL e .
o . 1 1
+C(::C'153 +g‘- 1P 2WUn, 11 PR (25)

1w



where Eq. (22) is by Eq. (17), Eq. (23) isN®&/»0»1° and2tUn 11 WX 0, Eq. (24) is by geometric series, and Eq. (25) is by rearranging.

B EXPERIMENTAL RESULTS ON THE CARTPOLE ENVIRONMENT

In the main text, we present results on decision-making in non-stationary settings by varying the gravity parameter in the cartpole
environment. To gather more robust results, we also vary the total mass of the cartpole system by increasing the mass of the pole. We x
gravity=9.8n/s? and the mass of theartas 1kg, but we vary the mass of tipwleamong {0.1kg, 1.0kg, 1.2kg, 1.3kg, 1.5kg}; note that as the
mass of the pole increases, the total mass of the system under consideration (i.e., the mass of the cart and the pole) also increases. We keep
all other hyper-parameters the same as the experiments where gravity is changed (shown in the main text).

B.1 Stationary Environment

The results for the stationary Environment are the same as the stationary environment for the gravity experiments. We present the results in
the main text (Fig. 2 in the main text). We compute each result by averaging across 30 samples.

B.2 Non-Stationary Environment

Figure 6: We show the average cumulative reward obtained by PA-MCTS, standard MCTS ( U = 0°, and DDQN (U = 1) for di erent environmental
changes. The mass of the pole changes among {0.1kg, 1.0kg, 1.2kg, 1.3kg, 1.5kg}

We represent the non-stationary environment here by changing the mass of the pole on the cart. We show the results in Fig. 6. We vary
the mass of the pole amonf.1kg, 1.0kg, 1.2kg, 1.3kg, 1.§k§achU value used for PA-MCTS is represented by a di erent color. For each
setting, we vary MCTS iterations amorfg25, 50, 75, 100, 200, 3pn 30 samples (test episodes). As Fig. 6 shows, DDQN achieves maximum
reward in the stationary setting but its performance deteriorates under non-stationarity. We observe that PA-MCTS, given apprbpriate
achieves signi cantly higher reward than both standard MCTS and DDQN under non-stationary settings. Also, as we observe in the setting
where gravity is changed, PA-MCTS converges signi cantly faster than standard MCTS by leveraging the pre-trained policy. Finally, we
observe that all approaches (PA-MCTS, standard MCTS, and DDQN) achieve close to 0 utility when the mass of the pole is set to 1.5kg,
presumably because it is extremely di cult to balance the pole in this setting.



B.3 Choosing the Optimal U
We propose selectin as before, i.e., we observe how PA-MCTS performs under di erent computational constraints set by the number

of MCTS iterations. Again, we observe that the optiméfor 100 MCTS iterations is well approximated (almost perfectly) by 25 MCTS
iterations. We show the results in Fig. 7.

Figure 7: Cartpole Alpha Selection Changing Mass of the Pole among 1.0kg, 1.2kg, 1.3kg, 1.5kg

B.4 Comparison with Alphazero

We use the proposet-selection strategy to nd the optimal alpha value for a given non-stationary setting, i.e., for each mass of the pole.
Then, we compare PA-MCTS with the optimdiwith Alphazero and present results in Fig. 8. Both AlphaZero and PA-MCTS achieve 0 utility
when mass=1.5kg. When mass=1.0kg, we see that PA-MCTS outperforms AlphaZero by converging signi cantly faster. When mass=1.2kg,

we see that AlphaZero slightly outperforms PA-MCTS.

Figure 8: We compare between the results of PA-MCTS with optimal alpha and the results of Alphazero

B.5 Noisy settings
We now consider the setting that in practice, it is di cult to observe the environmental change exactly. As a result, we add noise between the

environmental change and how the agent perceives the change. We introduce Gaussian noise (with 0 mean and varying standard deviation)



Figure 9: The performance of PA-MCTS and AlphaZero under varying levels of noise with mass of pole = 1.0kg, 1.2kg. PA-MCTS converges
faster than Alphazero with small MCTS iterations.

in the mass, i.e., the agent perceives a noisy mass during simulation but the true non-stationary mass is used for execution. We show the
results in Fig. 9. We observe that even under noisy settings, PA-MCTS achieves higher rewards than AlphaZero in most cases, especially
when the agent can a ord low computational time for making decisions.

B.6 Hardware
The experiments were conducted on Chameleon testbed [11] on 4 Linux systems with 32-96 logical processors and 528 GB RAM.

B.7 Extensive Results for Noisy Settings Changing Gravity

In the main text, due to the space limitation, we only showed partial results for the noisy settings where gravity is changed. Here, we present
complete results (for each value of updated gravity) with noisy settings. We show the extensive comparison results between PA-MCTS,
Alphazero, Standard MCTS, and DDQN (as shown in Fig. 10). We observe that (as in the main text), PA-MCTS outperforms the baselines
even under noisy settings.

C EXPERIMENTAL RESULTS ON THE FROZENLAKE ENVIRONMENT

We also conduct experiments using the Frozenlake Environment. The goal of the agent is to travel on a slippery surface (a frozen lake) from
a pre-de ned starting position to a pre-de ned goal position without falling into any holes. Due to the slippery nature of the surface, the
agent does not always move in the intended direction. We introduce non-stationarity by changing the probability of moving toward the
desired direction. We vary this probability and set the probability of moving in the two perpendicular directions as equal. We represent an
environment by a tuple of three probabilities which shows tfrobability to move towards the desired direction, probability to

move towards the rst perpendicular direction, probability to move towards the second perpendicular direction] ,€.9.5100:0%

refers to the stationary setting, where the surface is not slippery and the agent moves in its desired direction with certainty (i.e., probability
of 1) and there are no chances of the agent moving in directions perpendicular to its desired direction (denoted by the two 0 entries). Given
this setting, note that we can calculafe(the amount of change in the probability transition function as de ned in the main textg= = 0,

when there is no change, i.e., the updated environment is the same as the stationary environsbe€m0¥}, and[ <oc = 1"333when the
updated environment is denoted by [0.333, 0.333, 0.333]. We show the environments we use for testing in Table 3. We choose non-stationary
environments by uniformly sampling value from[ <g= to [ <og. We use a 3x3 map for Frozen Lake, with position indices from 0 to 8 as



Figure 10: We compare the performance of PA-MCTS, Alphazero, Standard MCTS, DDQN for noise among 0.0, 0.1, 1, 10 with di erent gravity
values among 9.8< «E?, 20.0< B, 50.0< *E?, 500.0< «F?

shown in the main text. The agent starts from cell 0, the goal is set at cell 8, and there are holes in cells 1 and 6. We show a schematic of the
environment in Fig. 11.

As Table 3 shows, we choose probability distributions based upon uniformly samplivejue from[ <g= to [ <o . The map used for this
experiment is a 3x3 map, with position index from 0 to 8 and 0 is the start position, 8 is the destination, and position index 1 and 6 are holes.



Frozen Lake Scenario
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Figure 11: The test environment for the FrozenLake experiments. The agent must traverse from cell (0,2) to cell (2,0) without falling into cell
(0,0) and cell (1,2). However, under slippery conditions, the agent does not always move in the desired direction.

probability distribution [

[1.0, 0.0, 0.0] 0
[0.933, 0.033, 0.033] 0.2
[0.833, 0.083, 0.083] 0.4
[0.733, 0.133, 0.133] 0.6
[0.633, 0.183, 0.183] 0.8
[0.533, 0.233, 0.233] 1.0
[0.433, 0.283, 0.283] 1.2
[0.333, 0.333, 0.333] 1.333

Table 3: Probability distribution of the testing environments and corresponding [

C.1 Stationary Environment

As described above, the stationary environment corresponds to the settis@0%i.e., the lake is not slippery. As we see in Fig. 12 shows,
standard MCTS, PA-MCTS (with all valuesldfand DDQN can achieve maximum rewards. We compute each result by averaging across 100
samples.

C.2 Non-Stationary Environment

We also show results in non-stationary settings results in Fig. 12. We use di erent colors to represent di erent environments. We show results
for ve settings in the gure to make the plot readable (the results are consistent across the other settings). Like the cartpole environment,
we observe that the performance of the DDQN deteriorates as the environment changes.

This behavior is expected, as actions that are favorable in the non-slippery setting can now lead the agent to a hole. We also see that
for most settings, PA-MCTS achieves the optimal utility. In some settings, while PA-MCTS does not achieve the highest possible utility, it
outperforms both standard MCTS and DDQN given the optindgive discuss how to tuné& below).

C.3 Choosing the optimal U

As we describe in the main text, during execution, the agent needs to pick an optihgaiickly. Similar to the cartpole environment, we
leverage the nding that the agent can approximate the performance of di erent valuebl bfy using a small number of PA-MCTS iterations.
We show the results in Fig. 13; note that PA-MCTS with 25 iterations approximates the optiméth 500 iterations (naturally, this approach
is not optimal; we hypothesize that the-selection mechanism can be operated in parallel even after an irfitiglchosen, and the agent can
update the parameters over time).

C.4 Comparison with Alphazero

Finally, we use the proposedd-selection strategy to select the optimiédivalue for di erent environment settings. Then, we compare PA-
MCTS with Alphazero. Fig. 14 shows that as the non-stationary environment deviates further and further from the stationary environment,
Alphazero performs signi cantly worse than PA-MCTS. We hypothesize this loss of performance is due to the fact that AlphaZero uses a
pre-trained DDQN (on the stationary environment) to simulate rollouts, whereas PA-MCTS arstesil rollouts as it grows the search tree.



Figure 12: We show the cumulative reward obtained by PA-MCTS, standard MCTS ( U = 0°, and DDQN (U = 1 for di erent environmental
changes.

C.5 Time Constraints

Finally, we explore the time taken to run PA-MCTS (withselection, i.e., the additional time to tunis included in the computational

time we report) in comparison with the baseline approaches. Again, we point out that for a fair comparison, we re-train both DDQN and
AlphaZero starting from the network trained on the stationary setting; we observed that this method signi cantly reduces the training time



Figure 13: Frozenlake Alpha Selection for di erent probability distributions

than re-training from scratch. We present the results in Table 4. Also, to be fair to the AlphaZero framework, we create 100 data generating
processes in parallel to feed into its re-training procedure (we leverage Apache Kafka to achieve this framework). For the DDQN, we use a
maximum of 1,000,000 million steps or stop the training if the network converges. For PA-MCTS, wé satection in parallel. As we see, it

is signi cantly faster to run PA-MCTS than re-training the networks.

Method Iterations Execution Time (in seconds)
PA-MCTS 5 0.001
PA-MCTS 10 0.002
PA-MCTS 15 0.005
PA-MCTS 25 0.006
PA-MCTS 50 0.007
PA-MCTS 100 0.012
PA-MCTS 200 0.029
PA-MCTS 500 0.08
PA-MCTS 1000 0.3
PA-MCTS 1500 0.41
PA-MCTS 2000 0.645
PA-MCTS 3000 0.856

Re-Train DDQN 1,000,000 steps 1865.75
Re-Train AlphaZero NA 3900

Table 4: Execution time of PA-MCTS (with U-selection) with varying MCTS iterations in comparison with DDQN and AlphaZero. We observe
that PA-MCTS is signi cantly faster.

C.6 Hardware
The experiments were conducted on Chameleon testbed [11] on 4 Linux systems with 32-96 logical processors and 528 GB RAM.

D EXPERIMENTAL RESULTS ON THE CLIFF WALKING ENVIRONMENT

We also conduct experiments on the Cli Walking Environment. The environment has 48 possible states. Instead of Cli Walking implemented

by OpenAl Gymnasium4], which only has deterministic transition functions, we implement our own Cli Walking environment, which

has stochastic transition functions (our code is available through the supplementary material). We show a schematic of the environment in
Fig. 15; cell 36 is the start position, and state 47 is de ned as the goal position. States in 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, shown in brown
color in Fig. 15 are de ned as cli region. Unlike OpenAl Gymnasium versial, [our environment ends when the agent falls o toacli, or

the agent reaches the goal position. The agent receives a reward only if it reaches the goal position, and the corresponding reward is related
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